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Abstract 

Jordanian quantizations of Lie algebras are studied using the factorizable 
twists. For a restricted Borel subalgebras of sl{N) the explicit expressions 
are obtained for the twist element J^, universal 7^-matrix and the corresponding 
canonical element T. It is shown that the twisted Hopf algebra ZYjf(B^) is self 
dual. The cohomological properties of the involved Lie bialgebras are studied to 
justify the existence of a contraction from the Dinfeld-Jimbo quantization to the 
Jordanian one. The construction of the twist is generalized to a certain type of 
inhomogenious Lie algebras. 



^Supported by the RFFI grants NN 96-01-00851 and 98-01-00310. 
^Supported by the RFFI grant N 97-01-01152 



1 Introduction 



The thorough formulation of the theory of quantum groups by Drinfeld [0] includes 
two types of Hopf algebras: triangular (with the universal 7^-matrix satisfying the 
relation 7i,2iR- = 1) and quasitriangular (with IZ21TI 7^ 1). Deformations of universal 
enveloping of simple Lie algebras initiated by the quantum inverse scattering method 
and discovered by Drinfeld and Jimbo |1|, 0] belong to the latter class. In the framework 
of the deformation quantization theory ^ these quantum algebras correspond to Lie 
bialgebras with classical r-matrix 

k 

i=l aG^+ 

where k is the rank, tij is the inverse Cartan matrix, and is the set of positive roots. 
This tdj is one of the multitude of solutions to the classical Yang-Baxter equation. The 
detailed classification of solutions was performed for simple Lie algebras in [Q. Only 
for some of these classical r-matrices the corresponding quantum i?-matrices are known 
explicitly. 

Although the existence of quantization for any Lie bialgebra is now proved ||^, 
the explicit knowledge of i?-matrix as an algebraic element 7?. or a matrix in some 
irreducible representations is required in the FRT approach and in variety of appli- 
cations of quantum groups. One can mention the universal i?-matrix of the quantum 
algebra Uq{sl{2)) ^ which is a building block for the universal i?-matrices for other 
simple Lie and Kac-Moody algebras. As about triangular quantum groups and twisting 
[0, the well known example is the Jordanian quantization of sl{2) or, more exactly, 
of its Borel subalgebra B_|_ ({/i, x\ [h, x\ = 2x}) with r = h®x — x®h = h/\x |]T| and 
the triangular i?-matrix TZ = J-'2iJ^~^ defined by the twisting element ||^, pUj] 

1 

J^ = exp{-/i®ln(l + 2^x)}. (1) 

This quantum algebra U^{sl{2)) also found numerous applications from the deformed 
Heisenberg XXX-spin chain to the quantum Minkowski space (see e.g. [Tl[]) and in 



few other cases [0, |T^. 
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In the present paper we propose different extensions of this twist element. The 
suggested construction imphes the existence (in the universal enveloping algebra to be 
deformed) of a subalgebra L with special properties of multiplication. This is a solvable 
subalgebra with at least four generators. All simple Lie algebras except sl{2) contain 
such L and in any of them a deformation induced by twist of L can be performed. 
In particular we study a Jordanian deformation of U{sl{N)), reaching a closed form 
of deformed compositions lacking in Using the notion of factorizible twist |n] we 
prove that the element G W(s/(A^))®^ 



N-l 



T = exp{2e J2 ® EiNe-''} exp{H a}, (2) 



i=2 



where x = Eu^, H = En — E^f^, o" = | ln(H-2^x), satisfies the twist equation. Hence, 
it defines a triangular deformation of U{sl{N)). In such Hopf algebras deformed by 
Jordanian twist the subset of Cartan generators {En — Ejj} with i < j; i,j ^ 1,N 
remains untouched. Hence there is a possibility to perform additional multiparametric 
deformation using Reshetikhin twist . The main ingredients of the quantum group 
theory are constructed: the universal i?-matrix, the dual Hopf algebra (quantized 
function algebra on SL{N)), the universal T-matrix (canonical element) for the sub- 
algebra which induces the twist of U{sl{N)) and the self-duality of L. Cohomological 
interpretation of the interrelation between the Drinfeld-Jimbo (or standard) quantum 
algebra Uq{sl{N)) and the Jordanian (or non-standard) one U^{sl{N)) is discussed. 
The real form and the corresponding quantum linear space are given. We present also 
further generalization in which the subalgebra L is substituted by a certain type of 
inhomogeneous Lie algebras. 

The connection of the Drinfeld-Jimbo deformation |^ with the Jordanian defor- 
mation was already pointed out in 0. The similarity transformation of the classical 
matrix r^jj performed by the operator eyi\)[^adEijq) (with the highest root generator 
Eijq) turns r^j into the sum r^j + ^rj p. Hence, 



/ N-l 

H^M AEiN + 2Y^ E^k A E, 

\ k=2 



r, = -e H^N AEiN + 2}2 Elk A E^n- , (3) 
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is a classical r-matrix too, which defines corresponding deformation. A singular con- 
traction of the quantum Manin plane xy = qyx oiUq{sl{2)) with the mentioned above 
transformation in the fundamental representation M = 1 + 9p{Ein), 9 = ^(1 — q)^^ 
results in the Jordanian plane x'y' = y'x' + ^y'"^ of U^{sl{2)) |T^. Later, this singular 
contraction in the fundamental representation of s/(3) and sl{N) was used in many 
papers (cf |T^, and references therein). Let us point out that in our formulas we do 
not refer to any particular representation of deformed algebras. 

The paper is organized as follows. After reminding briefiy the basic material on 
twisting of Hopf algerbas (Sec. 2), we construct an extended Jordanian twist for four 
generator Lie algebra and apply it to twist the universal enveloping algebra U{sl{N)) 
(Sec. 3). The next Section contains cohomological explanation of the connection be- 
tween the Drinfeld-Jimbo and Jordanian quantization. The main objects of the theory 
of quantum groups are constructed in Sec. 5. Further generalization of the extended 
Jordanian twist to a special class of inhomogenious Lie algebras and possible research 
topics are given in Sec. 6 and in the Conclusion. 

2 Twisting of Hopf algebras 

A Hopf algebra A^m, A, e, S) with multiplication m: A ® A ^ A, coproduct A: ^ ^ 
A® A, counit e: A ^ C, and antipode S:A^A (see definitions in Refs.[^ |^, |T^) 
can be transformed with an invertible element J-'gA'^A, ^ = ^2 fi^^ ® /i^"* into 
a twisted one At{m, At, e, St). This Hopf algebra At has the same multiplication and 
counit maps but the twisted coproduct and antipode 



At{a) = TA{a)r 



—I 



St{a) = vS{a)v 



-1 



V = 



ae A. 



The twisting element has to satisfy the identities 



(e® i(i)(J^) = (irf® e)(J^) = 1, 



(4) 



J^12(A® Z(i)(J^) = J^23(^C?® A)(J^), 



(5) 
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where the first one is just a normalizing condition and follows from the second relation 
modulo a non-zero scalar factor. 

A quasitriangular Hopf algebra ^(m, A, e, 5", 7^) has additionally an element 71 G 
w4 ® w4 (a universal i?-matrix) satisfying [|l| 

(A ® id) (7^) = 7^l37^23 , {id ® A) (7^) = 7^l37^l2 . (6) 

The coproduct A and its opposite A°p are related by the similarity transformation 
(twisting) with TZ 

A°P(a) = 7^A(a)7^"^ a E A, 

and in this case the relation is just the Yang-Baxter equation. 

A twisted quasitriangular quantum algebra At{m, At, e, St, TZt) has the twisted uni- 
versal i?-matrix 

7^^ = r(^)7^J-^ (7) 

where r means permutation of the tensor factors: r(/ (S> (?) = ((/ ® /) , t(^) = ^21- 

Although, in principle, the possibility to quantize an arbitrary Lie bialgebra has 
been proved 0, an explicit formulation of Hopf operations remains a nontrivial task. 
In particular, the knowledge of explicit form of the twisting cocycle is a rare case even 
for classical universal enveloping algebras, despite of advanced Drinfeld's theory 
Most of such explicitly known twisting elements have the factorization property with 
respect to comultiplication (cf. (|^)) 

(A®2(i)(^) = or (A®Z(i)(^) = J-13^23, 

and similar property involving {id® A). To satisfy the twist equation, these identi- 
ties are combined with additional requirement ^12^23 = ^23-^12 or the Yang-Baxter 



equation on JF |jT^, [T5|. 



An important subclass of factorizable twists consists of elements satisfying the 
following equations 

(A®?d)(^) =^13^23, (8) 
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(2d® At) (^) =^12^-13. (9) 

It is easy to see that the universal i?-matrix TZ satisfies these equations, for Aj = A"'*'. 
Another well developed case is the Jordanian twist of sl{2) with JF (|l]) [|10|. Due to the 
fact that the Cartan element h is primitive in sl{2) : A(/i) = h^l + l^h, and a is 
primitive in the Jordanian U^{sl{2)) : At(cr) = cr®l + l®cr, one gets 

(A (g) id)e''^^ = e^®^®"" e^®^®'' , 

{id ® AJe'^®'" = e^®''®^e^®^®'' . 

It will be shown in the next Sec. 3 that the element JF also satisfies the factorization 
equations and can be used to twist the universal enveloping algebra of sl{N). 

Let us mention, that the composition of appropriate twists can be defined = 
J- 2^1- The element Ti has to satisfy the twist equation with the coproduct of the 
original Hopf algebra, while J^2 must be its solution for Af^ of the intermediate Hopf 
algebra twisted by J^i. In particular, if JF is a solution to the twist equation (|^) then 
JF^^ satisfies this equation with A At. 



3 Factorizable twists 

Now we shall propose a new factorizable twist similar to (|l]) and defined on the abstract 
set of generators. 

Let L be a four dimensional Lie algebra with generators {H, A, B, E} containing 
B+ and representable in a form of semidirect sum of one dimensional space Vh with 
basic element H and a Heisenberg subalgebra H{A, B,E) : L =Vh \~ Ti. : 

[H,E] = 2E, 

[H,A]=aA, [H,B] = fm, a + (3 = 2, 

[i?,A] = [i?,5] = 0, 

[A,B]=-fE. 

Extending the twist deformation Ut (B+) performed by 

$ = exp(i// ® ln(l + 7^)) = e^®" 
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to the universal enveloping U (L) one gets the twisted algebra W$ (L) . It retains 
the initial multiplication defined by (|TUp while its coproduct A$ = $ A becomes 
nonco commutative : 

A$(A) = y4® e°" + 1® A, 
A$ {B) = B^el^" + 1® B, 
A$ (E) = E ® e"^" + 1® E, 

We shall show that the algebra U (L) allows a more complicated twist deformation 
containing $ clS db factor. 
Proposition. The element 

= ^^^ = exp{H®a)exp{A®Be-^'') (12) 

is a twist for U (L) . 

Proof. We shall show that = $$i belongs to the subclass defined by the equations 
The equation (P) is obviously true: H and A are the primitive elements and 
B commutes with cr in U(L). To check the second equation @ let us consider the 
coproducts Ajr (a) and Ajc- (5) . It is known that in twisted (by $ ) universal enveloping 



of Borel subalgebra the element a is primitive |10|. The element a commutes not only 
with B but also with A, so a remains primitive with respect to Ajr. Using the properties 
of "roots" a — 2 = —jS the twisted coproduct of B can be written in the following form 



A^ (B) = exp (ad ® Be-f^")) o exp (ad {H ® a)) o {B ® 1 + 1® B) 
exp (ad (a (g) Ee"^'^)) o (fi o e'^'" + 1 



= exp (ad (a (g) Se"^'")) o (s (g) e^'^) + 1 (g S. 
From (|1^) one can see that (ad^)^oi? = 0. So the obtained expression can be simplified, 

A^ (5) = 5 (g e^'" + {1 + [A,B])® B = B® e^" + e^'^ ® 5. 
Now using the coproduct 

A^ (Be-^") = Be-^" (g) e""'" + 1 (g Ee"^'" 
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one can easily see that 

exp (ad ® 1 ® a)) o (a ® 5e"^^ ® e""'") = A ® Be-^" O 1. 

The latter garantes the validity of the equation for the twisting element JF . • 

The deformed algebra Ujr (L) has initial commutation relations generated by ([l0| ) 
and twisted coproducts: 

{H)= H(g) + 1® H -2A(g) Se^""^)'^, 

{B)= B® e^'^ + e^'^ ® 5, 
A^(^) = E(S>e^'' + 1®E, 

Let us rewrite the twist element in the reverse order: 

jr= = exp(y4(g)5e-^'")exp(i/(g)a) (14) 

Now we know that both and $ are twists for lA (L) and both satisfy the equations 
(ID)®- Hence $i is also a twist element with respect to the algebra W$ (L). Using the 
coalgebra relations (^) it is easy to check that $i satisfies the general twist equation 

(<l>i)^JA$®id)$i = ($1)^^ (id® A$)<l>i. 

Note that contrary to the properties of T and $ this twist ($1) does not belong to the 
subclass of factorizable twists defined by the equations (||),(|^)- 

Subalgebras of the type L exist in a large class of Lie algebras. They can also be 
found in any simple Lie algebra of rank greater than 1. Such simple algebras contain at 
least one pair of roots Aiand A2 such that A3 = A1 + A2 is also a root. The corresponding 
generators Xi, X2, X3 together with the Cartan element dual to the root A3 form the 
subalgebra equivalent to L. As we have shown above such subalgebra can be twisted 
with the element JF and the corresponding deformation can be extended to the whole 
algebra U and its twisted version Ujr can be thus constructed. 

We shall demonstrate the deformations generated by these twists in case of simple 
algebras of series A^r-i. For our purposes it will be convenient to use the canonical 



7 



basis of gl{N) for the compositions of l/{{sl{N)) 

[Eik, Elm] = SkiEim - SimEik, i, k,l,m^ 1, ...TV. (15) 

The Cartan elements oiU{sl{N)) will be fixed as = E^ — E^k ■ 

Let e L be identified with the Cartan element dual to the highest root of sl{N), 
this root will be denoted by \h- Collecting all the pairs of roots with the property 
Ah = Ai + A2 one can get the multiparametric twist of the type T with 

H — HiN, E — EiN, 

A = J2{'^''E^k + a''''EkN), (16) 
fc 

B^Yl {b''E,k + h'^'EkN) , (17) 

k 

{ k^2,...,N -1; a'"", 6""^ e C }, 
Here it is convenient to put 7 = 2^, 

In these terms the consistency condition would take the form 

[A, B] ^ e^" - 1 ^ 2CE (18) 

and the only nontrivial commutator of a with the basic elements of L is 

[if, a] = 1 - (19) 

According to the Proposition the element 

JT = = exp{H ® a) exp(A ® Be'^") (20) 

is a twist oil/{{sl{N)). Using the particular properties of L one can apply the Cambell- 
Hausdorf formula to rewrite the twisting element in the following form 

:r = exp(^ O Be-") exp{H O cj) 
^ ex-p (^H a + A ^ Bae-'^" {1 - e-")'^) . 
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Note . Any number of factors of the type $i can appear in the expression (pO|): 

jr = $ Jl $ . = exp(// ® a) n exp{Aj (g) S^e-^") (22) 

j 3 

with Aj and Bj as in (^) and (|TB|) and subject to the additional conditions 

while the correlation equation (|I8|) takes the form 

[Aj,Bk]=S,k(e^^ -l)-* (23) 



Using the twist ( pO]) with the sole factor $i one gets the maximal number of free 
parameters - the relation (0) imposes the only condition on the coefficients a's and 
6's, 

^ (^^i^fefc^ _ a^^foi'^) = 2e (24) 

fc=2 

On the contrary, supplying JF with the maximal number (A^ — 2) of factors $j one gets 
the {N — 2)^ conditions (|2^) . In particular one can satisfy (A — 2) (A — 3) of these 
conditions using the basic relations (|15D and the specific choice of Aj and Bj (one root 
Xj for each factor $j ): 



(25) 



Aj = a^^Eij + a^^EjN, Bj = [b^^ E^j + EjN ) , 
(with no summation on j ) . 



Here the essential relations rest 

a^^V^ -a^^b^^ = 2i, {j = 2,...N -I] . (26) 

Equation ( plf ) (as well as (p6D) shows that it is natural to renormalize the element A 
(or the elements Aj ) putting 

A = 2iA 

so that 

'A, b\ = E. 
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In these notations the twisting elements 



= exp{H 0cr)exp{2^A0 Be-^"), (27) 

= exp{H ® a) n exp{2^Aj ® Bje-^") (28) 
j 

have the trivial limit lim^^o-^ = 1- So does the universal 7^-matrix {TZ = T2\T^^^ 
and one can easily write down the corresponding classical r-matrices 

r = -(ENE + 2ANB) (29) 

or 

r = -(EKE + 2 ^ Ij- A fij) . (30) 

Their form clearly indicates that twisting by T corresponds to the quantization of the 
self-dual Lie bialgebra (L,L* ^ L) just as in the case of the Jordanian twist of B(l) 
[|10| , [T^. The same is true for the twisted Hopf algebra Wjr(B^), it is self-dual. We 



shall discuss this property in the next Section and prove it in the Section 5 where the 
canonical element will be constructed. 

For the special case of U{sl{N)) according to the Proposition the following form of 
twisting element JF can be chosen 

N-l 

-2a 



T = exp {HiN ®cr)Yl '^^P ® Ejj^e 

i=2 

This twist of U{sl{N)) is generated by the twist of W(L) (here L is the restricted 
Borel subalgebra of sl{N) with the basic elements {i^iA?, i^iAr, Eij, Ejjq}.^^ ) 
leading to the Hopf algebra W^(B^) with the initial commutation relations (as in (p!5|)), 
the twisted coproducts 



^rEii = Eu<^e-'' + l®Eu, 
A^EiN = EiN ® + e^- ® Ei^, 

2(7 



(31) 



A^^iTv = EiN ® e^'" + 1 ® 



lAf, 
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antipodes 

{E,n) = -^.Jve-3^ {E,n) = -^live-2^ (32) 
and the universal 7^-matrix of the form 

= Uj exp {2CEjNe''' Eij) exp {a Hin) exp {-Hin ® a) Uj exp (-2^^^ (g) Ej^e'-'') . 

(33) 

The coproducts and antipodes for other elements of U^{sl{N)) can be calculated using 
the standard formulas. The obtained expressions are rather cumbersome. Thus, for 
example, in the case of U^{sl{3)) the coproduct of E-^2 looks like 

A^E32 = E32 O e-'^ + 1 (g) E32 
-CH^3E,2 ® {e-^ - e-3-) 

-ieEf2 ® ^236-^'^ . 

Twisting the coproducts is acting by the exponential of the adjoint operator defined on 
the tesor product U{sl{N)) ^U{sl{N)). One can check that this operator is nilpotent 
and all the twisted coproducts can be expressed through the finite number of its powers. 



4 Connections between standard and Jordanian de- 
formations 

It is well known that some sorts of Jordanian deformations can be treated as limiting 
structures for certain sequences of standard quantizations M, ITUI, FB, O. As will be 



shown below this is due to the specific properties of Lie bialgebras involved in the 
quantizations. These properties are more transparent when formulated for quantum 
groups rather than for quantum algebras. For this reason in the current Section we use 
the dual picture to treat Lie bialgebraic characteristics. 
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The generators of the standard (FRT-deformed) quantum group Funh{SL{N)) 
[h = \nq) will be described by the entries of the x A^-matrix T. Let T be subject to 
the similarity transformation with the matrix 

M = 1 + ^p{Ein) (34) 
g- 1 

(for the generators the canonical coproduct ( AT = T ® T) is conserved). As far as 
g 7^ 1 the transformed quantum group Funh-^{S L{N)) is equivalent to the original one. 
Compare the corresponding Lie bialgebras: (^g, g^.Q^ = isl{N),{sliN)r) and {g,gt^^). 
Here the Lie algebra g = sl{N) is not changed, the transformation T MTM~^ does 
not touch the canonical coproduct for the generators of the Hopf algebra Funh{SL{N)). 
Only the second Lie multiphcation (^fJ^^.Q : Vg* AVg* — > V^*) changes: 

The structure of the similarity transformation shows that the new Lie product decom- 
poses as: 

= /^M + ^f^'- (35) 
The component /i' is fixed by the commutation relations that can be extracted from the 
transformed RTT = TTR equations. For this purpose one has to change the coordinate 
functions of SL{N) arranged in matrix T for the exponential ones T = exp(ey) and 
also change the parameters h i — > eh, ^ i — > e^ . Tending e to zero one gets both 
summands in (^). The second one of them looks as follows: 

^' (Yik, Y,j) = 26ikYNj, hi k,j < N; i > 1, 

p' (y,„ Yin) = -2S,iYn„ for j < A^; i,l > 1, (36) 
/x' (Yij, Yin) = SjiYa - SinYnj, for j < N; i > 1, 

fj,' (Yii, Yin) = -Yu, for « > 1, 
{Yin, Yun) = ^fciv, for A; < A^, 
(^11) Yin) = /j' {Yin, Ynn) = — (^ii — Ynn) , ^^^^ 
p' {Yu, Yik) = SiiYNk, for k,i < N, 
p' {YiN, YkN) = -SkNYii, for A;, z > 1, 
fi' {Yu, YkN) = ^iiYki - SkNYm - 26ik {Yu - Ynn) , hi i < N; k > 1. 
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Here for simplicity of exposition we use the canonical gl{N)-ha.sis. One can check that 
this deforming function /i' not only defines the infinitesimal deformation of /i^.Q but is 
itself a Lie multiplication. 

Consider the decomposition ([35| ) as a deformation equation for the original dual Lie 
algebra g^.Q. Its main property is that fx' does not depend on h or ^. So the transformed 
law has the form 

fJ-hi = fJ-hfi + /^0;f • (38) 

This means that fi^^.^ is a Lie multiplication deformed in the first order. Both sum- 
mands are Lie maps and at the same time can be considered as deforming functions 
of each other. As a result both deforming functions are Hochschild 2-cocycles for the 
corresponding Lie algebras {g^.^ with the multiplication fi^.^ and g^.Q defined by /i/j-o) 



The equivalence of the algebraic structures in Funh-^{SL{N)) and Funh{SL{N)) (for 
h 0) signifies that /Xq.^ is in fact a coboundary, 



* ^ 7~)2 / 

On the contrary, the composition /z^.q corresponds to a nontrivial cohomology class 



the deformation of /Iq.^ by //^.q is essential ||19 |. 

Notice that the multiplication maps here have certain cohomological properties also 
with respect to cochain complex C of maps C" : A" '^g^'^gy where the 51- module is 

chosen to be A^ Vg with the canonically extended adjoint action on it. The dualization 
of spaces Vg 4^ Vg* converts the map /x* into the chain /i* G C^{g,gAg) . As it 
was mentioned above the initial coproduct for the generators of Funh{SL{N)) rests 
unchanged under the transformation. All the Lie algebras g^.^ are dual to one and the 
same g = sl{N). Thus both ^u^.q and /Xq.^ are 1-cocycles for the complex C . 
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This set of characteristics necessarily indicates that the classical r-matrix of 
Uh-^^ {sl{N)) ^ {Funh-^{S L{N)))* must also exhibit this decomposition property: 

r-h;? = rh;o + ro,^ = ^ (E^J/ k{N-k) Hk,k+i ® H^^k+i 
+ Ek<i (N - I) k iHk,k+i ® Hi^i+i + Hi^i+i (S) Hk,k+i)) 
+2hEk<i{Eik® Eki) 
—^HiN A EiN — 2^ Y.k=2 Elk A EkN. 

In the limit h ^ one gets the element 



(39) 



lim Th-^ = ro;5 = -C HiN A ^^iat + 2 V ^^ifc A EkN- , 
V k=2 J 



(40) 



that coincides with r-matrix that can be obtained from TZ presented above (0). So 
the Jordanian quantum group FunQ.^{SL{N)) has the same i?-matrix as the twisted 
algebra lAjr[sl{N)) (with as in (^) and Aj^ Bj as in (^),(p6D). 

The r-matrices (|39D and (^0]) are known for a long time. In tq;^ was obtained by 
applying ad^^^ to the canonical antisymmetric r/\ = J2i<j EijAEji. It was stressed that 
ro;^ lay in the boundary of the dense set of orbits of standard quantizations induced 
by r/\. The r-matrix (|40|) was also obtained in the discussion of conformal algebra 
deformations 



The r-matrix ro-^ is the element of the space B'^AB^. Its structure suggests the 
renumeration of the basic elements of B^; we shall describe the corresponding basis as 
the set 

{P^, with { ^' = = f-"^ ; = 2, . . . , iV - 1. 

In these notations tq.^ takes the form 

ro;^ = -CXa A Pa. 

The basic exponential coordinate functions {YiN,YiN,Yii — YnnjYu} are chosen so 
that they are canonically dual to those of . Let us apply the homomorphism 

ro;r-y^-CXaA{Pa,Y) (41) 
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to the Lie algebra (B^)* described by the last six compositions ^' (see (pT])). As a result 
we shall get the Lie algebra . The significant fact is that (^Tj) is an isomorphism, 
that is B^ (B^)*. The twist induces the self-dual Lie bialgebra (B^,B^). 

It is useful to compare this situation with that of a classical double of dual Lie al- 
gebras {g, g*) .There the composition law of the double can also be presented as a sum 
of two multiplications with independent linear parameters. But in that case both sum- 
mands are cohomologically nontrivial. What is more important - such parametrization 
(and subdivision) can not be performed in only one algebra of a Lie bialgebra {g,g*) 
corresponding to a classical double. In fact these are the Lie bialgebras that can be 
parametrized in that case so that their arbitrary linear combination is again a Lie 
bialgebra . When a Lie bialgebra is nontrivialy decomposed (that is the decompo- 
sition goes parallel in both dual algebras) the r-matrix for a linear combination of Lie 
bialgebras doesn't inherit the decomposition property. 

To clarify the contraction properties of Funh-^{S L{N)) let us consider the 1-parameter 
subvariety ^^gl-i-h} of Lie algebras g*^.^ (putting ^ = 1 — /i in (P^)). Each dual pair 
J 9h:i-h) is a Lie bialgebra and thus is quantizable f^. The result is the set As-h 
of deformation quantizations parametrized by h and the deformation parameter s. This 
set can be considered smooth in the sense compatible with the formal series topology 



2^ - close Lie bialgebras give rise to close deformations. The 1-dimensional bound 
aries Ao-h and As-fi of Ag-h are formed respectively by the quantizations of (^sl{N),gl., 
(the standard Lie bialgebra) and (^sl{N), g^.^^ (the Jordanian one). Each internal point 
in As-h can be connected with a boundary by a smooth parametric curve a{u). One can 
choose it so that it starts in Ao-h and ends in Ag-o ■ So a Jordanian Hopf algebra obtained 
by twisting deformation can be also treated as a limit point of a smooth 1-dimensional 
subvariety a{u) . This does not necessarily mean that this limit is a faithful contraction 
-it may be impossible to attribute the curve a{u) to an orbit of some Hopf algebra in 
A. This is Just what happens when the transformation M is applied to Funh.Q{S L{N)) . 
For every positive h fixed the subset {Funh.^{SL{N))} is in the GL{N'^)-oThit of the 
corresponding Funh-o{S L{N)) . To attain the points Funo-^{SL{N)) one must tend h 
to zero and this can be done only by crossing the set of orbits refering to inequivalent 
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Hopf algebras. These specific interrelations of different types of quantizations where 
noted in It was demonstrated for the case of sl{N) that the standard deformation 
Funh-o{S L{N)) can be accompanied by a smooth transformation of a Jordanian defor- 
mation so that the latter reaches the orbit of FuUh-Q^S L{N)) . Applying the operator 
M to an element of the set {Funh.Q{S L{N))} one gets an intersection point of an orbit 
and of a curve parametrized by ^ . 

One of the principle conclusions is that the possibility to obtain the Jordanian 
deformation Funo.^{S L{N)) as a limiting transformation of the standard quantum 
group -Funh-o{S L{N)) (and on the dual list to get the twisted (/-algebra Ujr(sl{N)) 
as a limit of the variety of standardly quantized algebras Uq{sl{N))) is provided by 
the fact that the 1-cocycle /Iq.^ G Z^{sl{N), sl{N) A sl{N)) (that characterizes the Lie 
bialgebra for Ujr{sl{N)) ) is at the same time the 2-coboundary /ig.^ G (^9hfi^ 9h;o) 
the Lie algebra g^^.Q being the standard dual of sl{N)). 

5 Canonical element and Jordanian quantum space 

The set {PajXp} forms the basis appropriate to deal with the Lie bialgebras (L,L*). 
To study the properties of i?-matrix TZ and the canonical element T it is reasonable to 
perform the corresponding rearrangement of basis for the whole Hopf algebra (B^). 
We shall consider the set 

as the generators of (B^) with 

Xi = HiN, Xi = 2Eii, 
7^1 = |a = ^ In (1 + 2CE,n) , TTi = 
The basis will be formed by the set of ordered monomials: 

\zA^ = • . • ^^n^r . . . TiT-i] . (43) 

I fcifc={m,n}={mi,...,mjv_i,ni,...,niv_i} I ^ ^ i ^ ^ 

In these terms the 7^-matrix (|33|) can be rewritten as 

< > 

TZ= Yl exp{7ra®^Xa) Yl exp(-,^XQ ® TTa), (44) 
a=l,...,N-l a=l,...,N-l 
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We shall use the standard Hopf algebra homomorphism TZ: A* where in our case 

A is the twisted algebra (B^) and "— " indicates the opposite multiphcation. It 
would be appropriate to consider TZ as belonging to A- <S) A with the decomposition 

^ = E ^'Vk ® ^r- (45) 

It is implied that the basic monomials i/g G A- contain the same sequences of generators 
Zk as the corresponding basic elements zj: ^ A (see (^)) but the multiplication that 
glue them is opposite to that of A. Let {zk } = {x" , vr-^} be the canonical dual basis of 
A* ,(^zk, zj-j = 6^. The morphism TZ can be defined by its values on the basic elements: 

nizq = Y.R% (46) 

Let us extract the first terms of the decomposition p5| ) for the 7^-matrix (Q) 

7^ = 1 ® 1 + R'^^Zk ®zi + ... (47) 

(Note that in such a presentation the second term is not proportional to the classical 
r-matrix, the generators Zi do not form a Lie algebra.) The terms written explicitly 
in ( ^71) are the only ones containing the first powers of generators. Thus the images 
TZ{zk) are the linear combinations of the generators zj^. In our case the matrix 
is invertable, 




7^ (x") = Ctt, 



R 



R'^ = -—R ^ I J ■ 

Reversing the formula (^) we get the expression for the elements of the dual basis in 

\k=l,...,N-V 

h(N-i) 



terms of generators z'^ 



Zk 



(4J 
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The basic decomposition for the 7^-matrix (^) can be written exphcitly, 

® xT'...xT-i\7:^Y'...{T^N-iT^-\ (49) 
|n| = ni + . . . + riTv-i; n\ = ni\n2\ . ■ . nN_i\ 

Here we used the inclusion 71 E A- A and the fact that all the generators tt^ 
commute. The structure of 7^-morphism is clearly seen here. It states the one-to-one 
correspondence between the basic monoms of A* and A-. This evidently signifies that 
the Hopf algebras A* and A- are equivalent. One must also take into account that 
in our case A- is the twisted universal enveloping algebra (B^) with the opposite 
product. Hence it is isomorphic to its multiplicatively inverse. The result is 

A*^A-^A 

The Hopf algebra (B^) is self-dual. 

The structure constants i?"^ presented in the decomposition ( ^Qf ) can be substituted 



in the expression ( ^Sj) to fix explicitly the form of the dual basis. Hence the canonical 
element T is completely defined 



-i\mjv_i 



We can recollect this expansion into the ordered product using the following property 
of the T-matrix: {id ® S){T) = T^^. 

The antipodes used here can be easily found using the expressions (0) given in Sec. 3: 

S'(7ri) = -TTi, S{7li) = -1Tie^'^\ 

Note that the homomorphic image in A* of the abelian subalgebra generated by el- 
ements {tTq,} is itself a commutative subalgebra. This enables us to write the final 
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expression for the canonical element 

< > 
r = l[exp{-x" ® nexp(-7r" ® ^(vr,)). (50) 

a a 

The corresponding constructions for Jordanian deformations of the Lie superalgebra 



sl{M\N) can be found in |2| 



Let us present a real form for Ujr[sl{N)). We focus first on the subalgebra in 
the general setting of the previous section and with the basis {2^} (see (^2])). The 
anti-algebraic anti-linear transformation given on the generators by 

respects the classical comultiplication and defines a real form on W(L). At the same 
time, the twisting element turns into JF^^. Henceforth, ^ is a real form (cohomo- 
morphic and anti-homomorphic) for the twisted algebra Ujr(Ij) as well. Turning to the 
specific case of sl{N), the question is whether 9 can be extended from the subalgebra 
B"^ to the entire sl{N). This is possible, and the corresponding transformation is 

e{Ei,) = -E,,, i,j<N or i,j = N- OiEkN) = E^n, e{ENk) = E^k, k < N. 

It is evident that 6' is a Lie algebra ant i- automorphism. The real form for N = 2 case 
of the Jordanian U^{sl{2)) was given in ||2^ . 

Twisting of a symmetry Hopf algebra ^ of a manifold induces deformation of 
its whole geometry, so that the notion of symmetry is conserved in the framework of 
the non-commutative geometry. Such deformation includes that of function algebras 
( vector bundles, *-structure, and so on) expressing new objects in terms of the un- 
twisted ones by explicit formulas involving twisting 2-cocycle JF . Here we present, as 
an application of the developed Jordanian-type quantization of sl{N), the correspond- 
ing noncommutative space Aij^. We deduce commutation relations for generators of 
A^jr, and the differential calculus. The basic formula connecting multiplications in 
^-modules A^jf and (the twisted and the untwisted ones) is 

/*5 = ^a)(/)■-^(2)(^?)> f,9(^M. (51) 
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The star stands for the new product on Aiyr defined through the old one '■' and 
the element JF. If A4 is classical, the twisting cocycle is represented by a bidiffer- 
ential operator according to the correspondent representation of JF. Thus Aij^ and 
Ai coincide as linear spaces but they are endowed with different algebraic struc- 
tures. The transformation is performed in such a way that the symmetry property 
h{f ■ g) = ■ h(2){g), h E A, f,g& -M, is inherited by the twisted algebra A:f. 

Let x", a = 1, ... A^, be the generators of Aij^. To evaluate commutation relations 
among the generators, it is sufficient to retain only the following terms: 

N-1 

= 1 ® 1 + ^{x^di - x^On) ® x^On + 2^Y. ^^^k ® x^On + . . . , 

k=2 

with the rest of the series vanishing. Resolving formula (^TJ) (twisting is an invertible 
operation) we come to 

* J^(2){X'') = X^" ■ X" = X'' ■ X^" = * J^(2)(X^). 

This gives (commutators are understood in terms of the twisted product '*') ^ 

[x^,x^] = ^x^ * x^ , [x\x''] = 0, 
[x\x^] = 2^x''*x^, = 0. 

Hereafter (in this Section) the small Latin indices run from 2 to — 1. Similarly, for 
the contravariant entities we have 

[PuPn] = iPi*Pi, [Pi.Pk] = 0, 
[Pk,PN] = 2^pi*pk, [pi,Pk] = 0. 

Let us note that after the quantization the bases {p^} and {x'^} are no longer conjugate. 
The invariant canonical element turns out to be x^ -p^ = x^ *Pfj_ + ^x^ *pi. Non-trivial 
cross-relations between coordinates and momenta are expressed by 

N-1 

[Pn, x^] = ^{pn *x'^ + 2j2Pk*x^ +Pi*x^ + ^pi* x^) 

k=2 
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\pi,x^] = -Cpi * x^, \pk, x^] = -2$pi * x^, \pn, x^] = -Cpi * x^. 

Partial derivatives satisfies the same identities as Pj^, whereas the cross-relations are 
modified accordingly: 

Af-l 

[On, x'] = ^{x"" *dN + 2J2x''*dk + x'*di + Cx'' * d^) 

k=2 

[di, x^] = l- ^x^ * ai , [dk, x^] = 1 + 2^x^ * di , [On, x^] = l- ^x^ * . 

6 Group cocycles and twisting 

To generalize the construction of Sec. 3 let us arrange the generators of into the 
two sets {H, Aj) and (£", Bj) spanning two mutually complement Lie sublagebras. We 
denote them H and H*, respectively, regarding as dual linear spaces. Subalgebra H 
acts on H*, thus endowing with the semidirect sum L = H > H* structure. In 
this section we establish the cohomological properties of the previous constructions in 
terms of the Lie algebra H and its formal Lie group G = exp H. 

Let Hfj_ be basic elements of a Lie algebra H and X'^ be their conjugate. Commu- 
tation relations in H are specified by the structure constants C^^: 

[H,,H,]^C;,H,. (52) 

Suppose a left action of H on H* 

[//^,X1 = -L;:,X- (53) 

which enables us to build the semidirect sum L = H > H* where H* is assumed to be 
an abelian subalgebra. The element 

r = X''(g)H^-H^®X'' eLAL (54) 

is a solution to the classical Yang-Baxter equation if and only if 

= L'^u ~ (55) 
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The structure constants L'^,^ defines also a left action of H on itself according to the 
rule 

H^\> Hi, = U^^H^. 

Equality (|55| ) implies that the following quasi-associativity property holds 

{H^ > H,) >H,- {H, > H^) >H^ = H^> {H, > H^) - H,> (H^ > H„). (56) 

Conversely, if a bilinear pairing > on H satisfies this condition, the skew-symmetric 
operation 

[H^,H,] = {H^>H,,)~{H,>H^) (57) 

fulfils the Jackobi identity, and > becomes a left representation of the Lie algebra H 
equipped with Lie bracket (^) on itself. 

Lie algebra action > induces an action of the Lie group G turning H into the left 



G-module. Consider now a 1-cocycle (p on the group G with values in H This 
means that ip obeys the equation 

(p{xy) = (p{y) + y'^>(p{x), x,yeG. (58) 

Lie algebra 1-cocycle dip is in one-to-one correspondence with (p, being its derivative 
taken at the group identity |2^. It satisfies the equation (cf. with (^7D) dp>{[H^, H,,]) = 



H^\>dip{H„) — Hy\>d(p{H^). Suppose the linear mapping dpi to be nondegenerate. Then 
the identity map ic?: H — H is a 1-cocycle with respect to the new action defined as 
{dp})'^ o > o dp). Thus, nondegenerate 1-cocycles of Lie algebras are in one-to-one 
correspondence with bilinear quasi-associative, in the sense of (|56D, operations on H. 
Only non-degenerate cocycles are suitable for our purposes, so we will think of them 
as of identity maps, and all the freedom will be encoded in the choice of action >. Note 
that a 1-coboundary normalized to id implies the existence of the right unity He that 
is 

Hfj,> He = H^. 
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The group cocycle in terms of Lie algebra coordinates ^'^ in a neighbourhood of the 
identity reads 

and the coboundary can be written as 

ip^iO = (1 - e-^(«));;c, H^Ce = H,. 

Consider the semidirect sum L = H > H* with the Lie bracket given by (|52|) and 
( |53D such that the condition ( |55D holds. Since dip = id is non-degenerate, the function 
ip is invertible in a neighbourhood of the identity in H. Its inverse i/j as well as ip itself 
are treated as columns whose components are formal series in coordinate functions 
generating W(H*). 

Theorem 1 The element T = exp{H,y ® i/j'^lX)) satisfies the twist equation. 

Proof. The element exp{H,, ® tp^lX)) satisfies the identity If we prove the second 
identity (P), the theorem will be stated. Denote X'^ = il)^{X) and evaluate Ajr(X): 

A^(X^) = exp(//(g)l)(X^®l + l®X^)exp(-if®l) 

= X" (^{e-^^^^Y^ + l^X^". (59) 

The map Ajc-(/i) = J-'A{h)J-'~^ is an algebra homomorphism W(L) W(L)'^^. Hence- 
forth, (|59D entails the equation 

(^(A^(l)) = e-^(i®^V(^ ® 1) + V?(l ® ^) • (60) 

Since (p is invertible as a map of H on H, we find Ayr(^X^) = T>^{X 1, 1 X) where 
T>^{^i,^2) is the Campbell-Hausdorf series. This yields (^) and therefore the twist 
equation (H) for exp(i/^ ® '^'^(X)) is vahd. • 

Now we can evaluate the twisted coproducts in terms of new generators X^. A 
straightforward calculations show that 

A^(//^) = H,®g{X)l + l®H^, (61) 
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where g{C,) is a map H H to be found. Imposing coassociativity conditions we 
find that function g reahzes a left group action on H which is generated by a Lie 
algebra representation. To evaluate this action let us perform the following Lie algebra 
isomorphism H^, ^X^. The specific form of the classical r- matrix allows 

us to consider ^ as the deformation parameter. Taking into account ^X^(O) = X^, 
XM(o) = and calculating ^J^A{H^)J^-\=o we find 

^A^(i/,)|g=o = [H^0X%H,®1 + 1^H,] 

= Ct^,H^^X'^ + L'i^H,^X- = Li^^H^(^X'^. 

Performing this for the coproduct (|6lD and comparing the results we find g{X) = e^^^\ 
Thus the coproduct on generators H^, X^ reads 

A^(X^) = V^{X ® 1, 1 ® 1), A^(//^) = H,(^ (e^(^));: + 1 ® i^^, (62) 

Using these relations it is easy to find also the antipodes, 

Sr{X^) = -X^, SAH,) = -H^ie-'^^^X ■ (63) 

Expressing X^^ through X'^ we can evaluate the twisted antipode on the classical gen- 
erators as well. 

7 Conclusion 

The triangular deformation of the universal enveloping algebra of sl{N) started already 
by Gerstenhaber et al was realized in this paper as a twisting with explicit form 
of the twist element JF (|^) (extended Jordanian twist). The Hopf subalgebra of the 
type Wjr(B^) generated by the twist is self-dual. The twisted coproduct of the sl{N) 
generators can be expressed as finite sums of classical generators and a function a of the 
highest root vector primitive with respect to the twisted coproduct. The commutation 
relations of the quantum space generators were defined using the twist action on 
commutative coordinates. The cohomological properties of the involved Lie bialgebra 



24 



permit to explain the connection of the Drinfeld-Jimbo (standard) quantization with 
this twisting. 

The exphcit expression of the twist JF gives rise to a possibihty to evaluate the 
Clebsch-Gordan coefficients of the twisted sl{N) in terms of the original CGC and the 
entries of the matrix F = {pi ® p-i)^^ as well as to get the relations among the 
FTR-approach generators L*^^^ of the twisted algebra and the generators of the original 
algebras. It can be used also to construct the quantum double [I], |T2[. 

The construction of the extended Jordanian twist was generalized to certain class of 
inhomogenious Lie algebras, using properties of the Campbell-Hausdorf series. Further 
generalizations, in particular to Lie superalgebras |]23|, twisting of the corresponding 
Yangians and new integrable models, twist elements for other boundary solutions to 
the classical Yang-Baxter equation p6| are under study. 



References 

[1] V. G. Drinfeld, "Quantum groups", in: Proc. Int. Congress of Mathematicians, 
Berkeley, 1986, 1, ed. A. V. Gleason (AMS, Providence, 1987) pp. 798-820. 

[2] M. Jimbo, Lett. Math. Phys. 10 63 (1985); 11 247-252 (1986). 

[3] F. Bayen, M. Flato, A Lichnerowicz, D. Stenheimer, Ann. Phys. Ill, 61 (1978); 
M. Flato, D. Sternheimer, Lett. Math. Phys. 22 155 (1991). 

[4] A. A. Belavin, V. G. Drinfeld, "Triangle equations and simple Lie algebras", in 
Math. Physics Reviews ed. S. P. Novikov (Harwood, NY, 1984) pp. 93-166. 

[5] P. Etingof, D. Kazhdan, Selecta Math. 2 N 1, 1-41 (1996); |q-alg/951002'0 . 

[6] L. D. Faddeev, N. Yu. Reshetikhin, L. A. Takhtajan, Algebra i Analiz 1, 178 
(1989), Enghsh transl. Leningrad Math. J. 1 193 (1990). 

[7] V. G. Drinfeld, Leningrad Math. J. 1, 1419 (1990). 

[8] V. G. Drinfeld, DAN USSR 273, (3) 531 (1983). 



25 



[9] M. Gerstenhaber, A. Giaquinto, S. D. Schack, in Quantum groups. Proceedings 
in EIMI 1990, Lect. Notes Math. 1510 ed. P. P. Kulish ( Springer- Verlag, Berlin, 
1992) pp. 9-46. 



[10 



[11 

[12 
[13 

[14 

[15' 
[16 

[17; 



O. V. Ogievetsky, in Proc. Winter School Geometry and Physics, Zidkov, Suppl. 
Rendiconti dr. Math. Palermo, Serie II - N 37, 185 (1993); preprint MPI-Ph/92- 
99, Munich, (1992) 14p. 



P. P. Kulish, A. A. Stolin, Czech. J. Phys. 47 123 (1997); preprint b-alg/9708024 



J. A. de Azcarraga, P. P. Kulish, F. Rodenas, Zeit. Phys. C 76, 567 (1997). 
A. A. Vladimirov, Mod. Phys. Lett. A8, N 23, 2573 (1993); |hep-th/940lT01 . 



A. Ballesteros, F. J. Herranz, M. A. del Olmo, C. M. Perena and M. Santander, 
J. Phys. A: Math. Gen. 28, 7113 (1995). 

N. Yu. Reshetikhin, M. A. Semenov-Tian-Shansky, Journ. Geom. Phys. 5, (4) 533 
(1988). 

N. Yu. Reshetikhin, Lett. Math. Phys. 20, 331 (1990). 
M. Alishahiha, J. Phys. A: Math. Gen. 28, 6187 (1995). 

B. Abdesselam, A. Chakrabarti, R. Chakrabarti, "General Construction of 
Nonstandard i?/i-matrices as Contraction Limits of i?g-matrices" , preprint 
alg/9706033|. 



[18] V. Chari, A. Pressley, A Guide to Quantum Groups, (CUP, 1994). 

[19] A. Nijenhuis, R. Richardson, Bull. Amer. Math. Soc. 72, 1 (1966). 

[20] J. Lukierski, P. Minnaert, M. Mozrzymas, Phys. Lett. B371, 251 (1996). 

[21] V. D. Lyakhovsky, A. M. Mirolyubov, Intern. J. Mod. Phys. A 12, 225 (1997). 

[22] N. Burbaki, Elements de Mathematique. Algebras. (Hermann & C'*^ , Paris, 1970) 
L II, Ch. 4, §5.10. 



26 



[23] P. P. Kulish, J. Lukierski, (in preparation). 

[24] S. L. Woronowicz, Rep. Math. Phys. 30, 259 (1991). 

[25] A. Guichardet, Cohomologie des groupes topologiques et des algebres de Lie, 
(Cedic/Fernand Nathan, Paris 1980). 

[26] M. Gerstenhaber, A. Giaquinto, Lett. Math. Phys. 40, 337 (1997). 



27 



